We have analyzed pion-nucleon scattering using the manifestly relativistic covariant framework of Infrared Regularization up to O(q 3 ) in the chiral expansion, where q is a generic small momentum. We describe the low-energy phase shifts with a similar quality as previously achieved with Heavy Baryon Chiral Perturbation Theory, √ s 1.14 GeV. New values are provided for the O(q 2 ) and O(q 3 ) low-energy constants, which are compared with previous determinations. This is also the case for the scattering lengths and volumes. Finally, we have unitarized the previous amplitudes and as a result the energy range where data are reproduced increases significantly.
Introduction
least, ref. [27] also found an unrealistically large violation (20-30%) of the Goldberger-Treiman (GT) relation [28] for the pion-nucleon coupling. As we shall show, our results are somewhat more optimistic that those of ref. [27] because we obtain that IR is able to describe low-energy pion-nucleon scattering comparable to HBCHPT at O(q 3 ). Nevertheless, the caveat about the large violation of the GT relation in a full IR calculation at O(q 3 ) remains. When this calculation is restricted to strict O(q 3 ), as in HBCHPT, more realistic values around 2% are obtained for the violation of the GT relation.
As a consequence of unitarity, πN partial wave amplitudes develop a right-hand or unitarity cut with a branch point at the reaction threshold. The first derivative of the partial waves at this point is singular. Based on this, ref. [26] advocates for applying the chiral expansion to the subthreshold region of the πN scattering amplitude where it is expected to be smoother. This singularity can also be avoided by applying the chiral expansion to an interaction kernel which, by construction, has no right-hand cut. This is the so-called Unitary CHPT (UCHPT) [29, 30, 31, 32] . One of the consequences of this framework, is that the calculated πN partial waves fulfill unitarity. We compare in this work the purely perturbative results with those obtained by UCHPT, with the latter being able to fit data closely up to higher energies as shown below. There are other methods already employed to provide unitarized πN amplitudes from the given chiral expansions, e.g. [33, 34, 35] . We will also explore the region of the ∆(1232) resonance by including a Castillejo-Dalitz-Dyson (CDD) pole [36] in the inverse of the amplitude. The resulting amplitude has the same discontinuities along the right-and left-hand-cuts as the one without the CDD poles. Traditionally, this was a serious drawback for the bootstrap hypothesis [37, 38] since the source for dynamics in this approach is given precisely by the discontinuities of the amplitudes along the cuts. From our present knowledge based on QCD the presence of these extra solutions (including an arbitrary number of CDD poles) can be expected on intuitive grounds since they would be required in order to accommodate pre-existing resonances due to the elementary degrees of freedom of QCD. Alternatively, one could also include explicitly within the effective field theory the ∆(1232) resonances as a massive field [39, 40, 19, 27, 21, 22] .
After this introduction we give in section 2 our conventions and Lagrangians employed, including kinematics and equations used to project into partial waves. The calculation at the one-loop level up to O(q 3 ) is performed in section 3, where we compare directly with the expressions given in ref. [26] . We also present fits to the experimental data at the perturbative level and discuss the resulting values for the chiral counterterms, scattering lengths and volumes and the violation of the GT relation. The resummation of the right-hand cut by means of UCHPT is undertaken in section 4, where we discuss the comparison with experimental data and the significant increase of the energy range for the reproduction of data. The conclusions are given in section 5.
Prelude: Generalities, kinematics and Lagrangians
We consider the process π a (q)N(p, σ; α) → π a ′ (q ′ )N(p ′ , σ ′ ; α ′ ). Here a and a ′ denote the Cartesian coordinates in the isospin space of the initial and final pions with four-momentum q and q ′ , respectively. Regarding the nucleons, σ(σ ′ ) and α(α ′ ) correspond to the third-components of spin and isospin of the initial (final) states, in order. The usual Mandelstam variables are defined as s = (p + q)
2 , that fulfill s + t + u = 2M 2 π + 2m 2 for on-shell scattering, with m and M π the nucleon and pion mass, respectively. It is convenient to consider Lorentz-and isospin-invariant amplitudes (along our study exact isospin symmetry is presummed.) We then decompose the scattering amplitude as [41] 
Here, the Pauli matrices are indicated by τ c . In the next section we will proceed with the calculation of A ± and B ± perturbatively up to O(q 3 ). In IR the Feynman diagrams for πN scattering follow the standard chiral power counting [42] 
where L is the number of loops, V i is the number of vertices of type i consisting of n i baryon fields (in our case n i = 0, 2) and d i pion derivatives or masses. In this way, a given Feynman diagram for πN scattering counts as q ν . For the calculation of pion-nucleon scattering up to O(q 3 ) we employ the chiral Lagrangian
where the superscript indicates the chiral order, according to eq. (2.2). Here, L
ππ refers to the purely mesonic Lagrangian without baryons and L (n) πN corresponds to the one bilinear in the baryon fields. We follow the same notation as in ref. [26] to make easier the comparison. Then,
where the ellipsis indicate terms that are not needed in the calculations given here. For the different symbols, F is the pion weak decay constant in the chiral limit and
The explicit chiral symmetry breaking due to the non-vanishing quark masses (in the isospin limit m u = m d =m) is introduced through χ = 2B 0m . The constant B 0 is proportional to the quark condensate in the chiral limit 0|q
In the following we employ the so-called sigma-parameterization where
In eq. (2.4) we denote by · · · the trace of the resulting 2 × 2 matrix. For the pion-nucleon Lagrangian we have
In the previous equation
• m is the nucleon mass in the chiral limit (m u = m d = 0) and the covariant derivative D µ acting on the baryon fields is given by ∂ µ +Γ µ with Γ µ = [u † , ∂ µ u]/2. The low-energy counterterms (LECs) c i and d i are not fixed by chiral symmetry and we fit them to πN scattering data. Again only the terms needed for the present study are shown in eq. (2.7). For more details on the definition and derivation of the different monomials we refer to refs. [16, 43] . The free one-particle states are normalized according to the Lorentz-invariant normalization 8) where E p is the energy of the particle with three-momentum p and γ indicates any internal quantum number. A free two-particle state is normalized accordingly and it can be decomposed in states with well defined total spin S and total angular momentum J. For πN scattering S = 1/2 and one has in the CM frame 9) withp the unit vector of the CM nucleon three-momentum p, ℓ the orbital angular momentum, m its third component and µ = m + σ the third-component of the total angular momentum. The Clebsch-Gordan coefficient is denoted by (m 1 m 2 m 3 |j 1 j 2 j 3 ), corresponding to the composition of the spins j 1 and j 2 (with third-components m 1 and m 2 , in order) to give the third spin j 3 , with third-component m 3 . The state with total angular momentum well-defined, |Jµℓ; aα , satisfies the normalization condition
The partial wave expansion of the πN scattering amplitude can be worked out straightforwardly from eq. (2.9). By definition, the initial baryon three-momentum p gives the positive direction of the z-axis. Inserting the series of eq. (2.9) one has for the scattering amplitude
where T is the T-matrix operator and T Jℓ is the partial wave amplitude with total angular momentum J and orbital angular momentum ℓ. Notice that in eq. (2.11) we made use of the fact that Y m ℓ (ẑ) is non-zero only for m = 0. Recall also that because of parity conservation partial wave amplitudes with different orbital angular momentum do not mix. From eq. (2.11) it is straightforward to isolate T Jℓ with the result
In the previous expression the resulting T Jℓ is of course independent of choice of σ.
The relation between the Cartesian and charge bases is given by
According to the previous definition of states |π + = −|1, +1 , |π − = |1, −1 and |π 0 = |π 3 = |1, 0 , where the states of the isospin basis are placed to the right of the equal sign. Notice the minus sign in the relationship for |π + . Then, the amplitudes with well-defined isospin, I = 3/2 or 1/2, are denoted by T IJℓ and can be obtained employing the appropriate linear combinations of T Jℓ (a ′ , α ′ ; a, α), eq. (2.12), in terms of standard Clebsch-Gordan coefficients. Due to the normalization of the states with well-defined total angular momentum, eq. (2.10), the partial waves resulting from eq. (2.12) with well defined isospin satisfy the unitarity relation
for |p| > 0 and below the inelastic threshold due the one-pion production at |p| ≃ 210 MeV. Given the previous equation, the S-matrix element with well defined I, J and ℓ, denoted by S IJℓ , corresponds to The set of diagrams in fig. 1 was evaluated within IR CHPT in ref. [26] and we have re-evaluated it independently. We keep the same labelling for the one-loop diagrams as in this reference for easier comparison. We agree with all the one-loop integrals given in detail there. Regarding their contributions to A ± and B ± we also agree with all of them except for the contributions of the so-called integral I (2) B , that results from the tensor one-loop integrals with one meson and two baryon propagators, see appendix C of ref. [26] . We find that systematically all its contributions as given in ref. [26] should be reversed in sign. These contributions appear in diagrams (c)+(d), (g)+(h) and (i). Apart from the direct calculation, we have checked that the expressions given in ref. [26] violate perturbative unitarity. The latter results because unitarity, eq. (2.14), is a non-linear relation that mixes up orders in a power expansion. Denoting with a superscript the chiral order so that T IJℓ = T (1) Our expressions fulfill eq. (3.1), and those of ref. [26] also do once the sign in front of I
B is reversed for all its contributions.
#2 Technically we follow the general procedure of refs. [8] for calculating within IR and we do not give any expression for the different integrals calculated here because they were given already in refs. [44, 26, 8] .
Now we proceed to compare our perturbative calculation with the experimental phase shifts
#2
The authors of ref. [26] state in page 30 that the scattering amplitude calculated obeys perturbative unitarity. It seems then that the difference in the sign referred above corresponds to a typo of [26] .
for the low-energy data on the πN S-and P -waves (which are the relevant partial waves for such energies.) Since our solution is perturbative one should evaluate the phase shifts in a chiral expansion too. From the relation between S IJℓ and T IJℓ , eq. (2.15), one has
Which implies that δ starts at O(q 2 ) so that up to O(q 4 ) one can write
with T IJℓ evaluated in the IR CHPT series (in our present case up to O(q 3 ).) 
Figure 2: (Color online.) Fits to the KA85 pion-nucleon phase shifts [45] as a function of
for √ s max = 1.13 GeV in IR CHPT at O(q 3 ). The KA85-1 fit corresponds to the solid curves and the KA85-2 fit to the dashed ones. Data points: circles are KA85 and squares WI08 data.
We now consider the reproduction of the πN phase shifts of the partial wave analyses of the Karlsruhe (KA85) group [45] and the current one of the GWU (WI08) group [46] . The fits are done with the full IR CHPT calculation to O(q 3 ). Due to the absence of error in these analyses [45, 46] there is some ambiguity in the definition of the χ 2 . Here we follow a similar strategy to that of ref. [31] and define an error assigned to every point as the sum in quadrature of a systematic plus a statistical error,
where e s is the systematic error and e r the relative one. In ref.
[16] a relative error of 3% was taken while in ref.
[31] a 5% error was considered. In the following we take for e s just 0.1 degrees and e r = 2%. Regarding these values for the errors notice that isospin breaking corrections in πN scattering are estimated to be rather small (ref. [47] estimates for S-waves an isospin breaking correction 1%.) We then consider the larger 2% value as a safer estimate for isospin breaking effects not taken into account in our isospin symmetric study. Notice also that the O(q 4 ) contributions are expected to be suppressed compared with the leading term by a relative factor
3 ∼ (0.14/0.5) 3 ∼ 0.02. Although small, a finite value for e s helps to stabilize fits. Otherwise, with e s = 0, extra weight is given to the small energy region close to threshold, where the phase shifts are smaller and absolute errors decrease. Tiny differences between the calculation and points in the input become then exceedingly relevant. We take e s = 0.1 degrees since it is much smaller than typical values of the phase shifts and is also the typical size for the difference between the phase shifts of refs. [45, 46] in the low-energy region for the P 11 partial wave (compare the squares [45] and the circles [46] in fig. 2 .) We have also convinced ourselves that changes in these values for e s and e r do not affect our conclusions.
The χ 2 function to be minimized is defined in a standard way as [16] by fitting low-energy πN scattering data with HBCHPT at O(q 3 ) is given in the fourth column. Other determinations are given in columns fifth [49] and sixth [50] . Resonance saturation estimates are collected in the last column [50] .
the ∆(1232) to the πN threshold. Indeed, this deficiency already occurred in the O(q 3 ) HBCHPT calculation of ref. [16] . However, at O(q 4 ) the fit to data improves because of the appearance of new higher order LECs [17] .
The resulting values for the CHPT LECs are shown in the second column of [16] , the dispersive analysis within the Mandelstam triangle of ref. [49] and the results at O(q 3 ) from ref. [50] , that also includes an estimation of the O(q 2 ) LECs from resonance saturation (RS). Within uncertainties, our values for c 1 , c 3 and c 4 are compatible with these other determinations. Instead, c 2 is somewhat larger, which is one of the main motivations for considering other fits to πN scattering following the so called strategy 2, as explained below. Our values are also compatible with those determined from the πN parameters up to O(q 4 ) in ref. [51] that gives the intervals c 1 = (−1.2, −0.9), c 2 = (2.6, 4.0) and c 3 = (−6.1, −4.4). The threshold parameters taken in this analysis are those calculated in ref. [45] . Regarding the O(q 3 ) counterterms the comparison with HBCHPT is not so clear due to the large uncertainties both from our side as well as from [16] . As discussed in more detail below, the O(q 3 ) contribution is typically the smallest between the different orders studied so that it is harder to pin down precise values for these counterterms. Indeed, we observe from the second column in [16] by around a factor 2.
The threshold parameters for the fit KA85-1 are collected in the second column of table 2. We have evaluated the different scattering lengths and volumes by performing an effective range expansion (ERE) fit to our results in the low-energy region (namely, for |p| < M
2 ) which sets the range of the ERE.) #3 The error given to our threshold parameters is just statistical. It is so small because the values of the scattering lengths and volumes are rather stable under changes of √ s max and LECs within their uncertainties (taking into account the correlation among them.) If treated in an uncorrelated way the error would be much larger. We also vary the numbers of terms in the ERE expansion from 3 to 5 and the slight variation in the resulting scattering lengths/volumes is also taken into account in the errors given. In the last two columns of table 2, we give the values from the partial wave analyses of refs. [45, 46] . Notice that the differences between the central values from the latter two references are larger than one standard deviation, except for the P 33 case. The differences between the S 31 scattering lengths and P 13 scattering volumes are specially large. Given this situation we consider that our calculated scattering lengths and volumes are consistent with the values obtained in the KA85 and WI08 partial wave analyses, except for the P 33 one for which our result is significantly larger. It is also too large compared with the values obtained in the O(q 3 ) HBCHPT fits to phase-shifts of ref. [16] . Table 2 : S-wave scattering lengths and P -wave scattering volumes in units of M −1 π and M −3 π , respectively. Our results for the fits to the KA85-1 and KA85-2 are given in the second and third columns, respectively. The fourth column corresponds to the values of the KA85 analysis [45] . The values for WI08 are extracted from ref. [46] and the errors, when given, from ref. [52] . a These numbers are given without errors because no errors are provided in ref. [45] . They are deduced from the KA85 ones for a S 31 and a S 11 .
#3 Numerical problems arising for |p| → 0 prevent to calculate directly the threshold parameters as lim p→0 |p|Re T/8π √ s|p| 1+2L .
Due to the large values for c 2 and a P 33 we consider that the fit KA85-1 is not completely satisfactory and try a second strategy (KA85-2). As it was commented above, the rapid increase in the phase shifts due to the tail of the ∆(1232) is not well reproduced at O(q 3 ). As a result, instead of fitting the P 33 phase shifts as a function of energy we fit now the function tan δ P 33 /|p| 3 for three points with energy less than 1.09 GeV, where δ P 33 is the phase shifts for the P 33 partial wave. The form of this function is, of course, dictated by the ERE and at threshold it directly gives the corresponding scattering volume. We take a 2% of error for these points because within errors this is the range of values spanned in table 2 by the KA85 and WI08 results for a P 33 . A relative error of 2% was also taken for e r in eq. (3.4) . The resulting values for the LECs are given in the third column of Table 1 and the curves for √ s max = 1.13 GeV are shown in fig. 2 by the dashed lines, that have a χ 2 d.o.f. = 0.86. We observe that these curves are quite similar to the ones previously obtained in KA85-1. Nevertheless, for the P 11 partial wave the description is slightly worse above 1.12 GeV and it is the main contribution to the final χ 2 . For the P 33 phase shifts one also observes a clear difference between the two curves as the dashed line runs lower than the solid line. The former reproduces the standard values for the P 33 scattering volume, see column three of Table 2 , while for the latter it is larger. This is another confirmation that the description of the rapid rise of the P 33 phase shifts at O(q 3 ) enforces the fit to enlarge the value of the resulting scattering volume. It is remarkable that now the value of the O(q 2 ) LEC c 2 is smaller and perfectly compatible with the interval of values of [16] . It is also interesting to note that c 3 is also smaller, which is a welcome feature especially for two-and few-nucleon systems that are rather sensitive to large sub-leading two-pion exchange NN potential that is generated by the inclusion of the c 1 , c 3 and c 4 [53] . See refs. [54, 55, 56] for a thorough discussion on this issue for two-and few-nucleon systems. Related to this point, one has determinations of c 3 and c 4 by a partial wave analysis of the pp and np scattering data from ref. [57] with the results The systematic errors are not properly accounted for yet in these determinations due to the dependence on the matching point that distinguishes between the long-range part of the NN potential (parameterized from CHPT) and the short-range one (with a purely phenomenological parameterization.) Namely, the same authors in ref. [58] 15 require to take into account a variation of 2 sigmas. In view of this situation we consider that one should be conservative and give ranges of values for these latter combination of LECs in order to make them compatible
These values correspond to the minimum and maximum of those shown in the second and third columns of table 1 allowing a variation of one sigma. The scattering lengths and volumes for KA85-2 are collected in the third column of Table 2 . They are calculated from our results similarly as explained above for the KA85-1 fit. It is remarkable that now the value for the P 33 scattering volume is perfectly compatible with the determinations from KA85 and WI08. We see a good agreement between our O(q 3 ) IR CHPT results and the scattering lengths/volumes for KA85. Only the P 11 scattering volume is slightly different, though the difference between the KA85 and WI08 results is significantly large for this case too. One also observes differences beyond the error estimated in KA85 for the P 13 scattering volume between the KA85 and WI08 values. Ours is closer to the KA85 one.
It is also worth emphasizing that our fits to the phase shifts of the KA85 analysis (KA85-1 and KA85-2), as shown in fig. 2 , offer a good reproduction of the data and the worsening for higher energies stems in a smooth way as in O(q 3 ) HBCHPT [16] . This is certainly an improvement compared with the previous πN study in IR CHPT to O(q 3 ) of ref. [27] . In this latter reference, data could only be fitted up to around 1.12 GeV and large discrepancies above that energy, rapidly increasing with energy, emerged in the S 31 , P 13 and P 11 partial waves.
We proceed along similar lines and perform fits of type 1 and 2 to the current solution of the GWU group [46] (WI08). These fits are denoted by WI08-1 and WI08-2, in that order. The resulting curves for √ s max = 1.13 GeV are shown by the solid and dashed lines in fig. 3 , respectively. One observes very similar curves to the KA85-1 and KA85-2 fits except for the P 11 phase shifts. Here, the agreement with the WI08 data is considerably worse. This has a clear translation into the values of the χ 2 for this partial wave, which increases almost by a factor 3, from 20 (KA85-2) to 55 (WI08-2) (the number of fitted points is 12.) It is clear from fig. 3 that IR CHPT at O(q 3 ) does not compare well with the P 11 WI08 phase shifts even at very low energies, √ s < 1.11 GeV. For the KA85 data the situation is much better, compare with fig. 2 .
Indeed, previous solutions of the GWU (and prior VPI) group had a behavior similar to that of KA85 for the P 11 phase-shifts, e.g. the solution SM01 employed in the analysis of ref.
[27] also using IR CHPT at O(q 3 ). In view of the difficulties of our study based on IR CHPT at O(q 3 ) for reproducing the P 11 phase shifts of WI08 at low energies we consider advisable a revision of the current solution WI08 of the GWU group and the way the ηN data affect the low-energy P 11 phase shifts in the coupled channel approach followed [59] .
The other distinctive features when comparing strategies 1 and 2 for the fits to the WI08 data are similar to those already discussed for the KA85 fits. In this way, one has for WI08-1 that c 2 and c 3 have a value in modulus larger by around 1 GeV −1 than for WI08-2. Related to this, the P 33 scattering volume is also significantly larger for WI08-1 than for WI08-2. The values of the fitted LECs for WI08-1 and WI08-2 are collected in the second and third columns of Table 3 . One observes that the resulting LECs at O(q 2 ) are quite similar between KA85-1, WI08-1, on the one hand, and KA85-2, WI08-2, on the other, so that within uncertainties they are compatible in either of the two strategies. In the third column of Table 3 we present the average of the LECs from our fits in Tables 1 and 3 . The error given for every LEC is the sum in quadrature of the largest of the statistical errors shown in the previous tables and the one resulting from the dispersion in the central values. This is a conservative procedure which recognizes that both strategies are acceptable for studying low-energy πN scattering and that takes into account the dispersion in the LECs that results from changes in the data set. Within errors, the values of the LECs in the last column of Table 3 are compatible with those from HBCHPT at O(q 3 ) (d 14 −d 15 is the only counterterm that differs by more than one standard deviation from the interval of values of ref. [16] .)
Regarding the threshold parameters we list in the second and third columns of Table 4 the values for the S-wave scattering lengths and P -wave scattering volumes corresponding to the fits WI08-1 and WI08-2 with √ s max = 1.13 GeV (the same fits shown in fig. 3 .) The procedure for their determination is the same as the one already discussed for KA85-1. The largest changes compared with the values of the KA85-1 and KA85-2 fits, respectively, occur for the a S 31 and a P 11 scattering length and volume, in order. The latter also shows the largest difference between the results of the fits following strategy 1 and 2 (a 12% of relative difference for the KA85 case and a 9% for the WI08 one.) Nonetheless, neither of our results for a P 11 , including strategy 1 and 2 KA85 and WI08 fits, is compatible with the value of WI08 [46] , shown in the last column of Table 2 . The largest difference occurs for the value of KA85-2 which is a 50% smaller than the one from WI08. Coming back to the WI08 fits, we note that the isoscalar S-wave scattering length a + 0+ is now a vanishing positive number while the P 11 scattering volume has decreased, and is compatible with the KA85 result within one sigma. We notice that the tiny errors estimated for the threshold parameters resulting from our fits in Tables 2 and 4 are just statistical and are determined in the same way as explained above for the KA85-1 fit. Of course, systematic errors due to higher orders in the chiral expansion and different data sets taken induce larger systematic uncertainties than the small errors shown. In this sense, the difference between the values obtained for each partial wave in these columns provides a better estimation of uncertainties. We then calculate the average #4 of the four values for each scattering length/volume shown altogether in Tables 2 and 4 . This is given in the last column of Table 4 . We also see that our averaged values for the a 4.08 ± 0.13 3.60 ± 0.16 3.72 ± 0.37 Table 3 : Fitted LECs in units of GeV −1 (c i ) and GeV −2 (d i ) for the fits WI08-1 and WI08-2 with √ s max = 1.13 GeV. The last columns is the average of all the fits in Tables 1 and 3 .
Finally, we show in fig. 4 the different chiral order contributions to the total phase shifts (depicted by the solid lines) for the fit KA85-1 (shown in fig. 2 by the solid lines.) The dotted lines correspond to the leading result, the dashed ones to NLO and the dash-dotted ones to N 2 LO. A general trend observed is the partial cancellation between the O(q 2 ) and O(q 3 ) contributions. For the P -waves, the cancellation is almost exact at low energies while at higher energies the O(q 2 ) contribution is larger in modulus than the O(q 3 ) one (except for the P 31 partial wave where the cancellation is almost exact all over the energy range shown, so that the first order describes well this partial wave.) For the S-waves at low energies ( √ s 1.11 GeV) the first order contributions dominates, though the second order one tends to increase rapidly with energy. For these partial waves the second order contribution is much larger than the third order one and the partial cancellation between these orders is weak (even both orders add with the same sign for S 31 at the highest energies shown.) The smallness of the third order contribution for the S-waves together with the fact that it is also clearly smaller than the second order one for most of the #4 Not the weighted average. The given errors are calculated by adding in quadrature for each LEC the largest of the errors in Tables 1 and 3 Table 4 : S-wave scattering lengths and P -wave scattering volumes in units of M −1 π and M −3 π , respectively, for the fits WI08-1 and WI08-2 with √ s max = 1.13 GeV. The last column corresponds to the averaged values of the threshold parameters of all the fits in Tables 2 and 4 .
P -waves explain the difficulties to pin down precise values for the O(q 3 ) LECs (the d i 's), as already indicated above.
The LEC d 18 is important as it is directly involved in the violation of the GT relation [28] . Up to O(M 3 π ) one has [16, 26] 
We quantify the deviation from the GT relation by
Inserting our averaged value of d 18 in the third column of Table 3 into eq. (3.8), we then find 10) which is compatible with the values around 2-3% that are nowadays preferred from πN and NN partial wave analyses [61, 62, 63] . In terms of the πN coupling constant, from eq. (3.8) our value for d 18 translates in g πN = 13.07 ± 0.23 (3.11) or f 2 = (g πN M π /4m) 2 /π = 0.077 ± 0.003. Within uncertainties our result at strict O(M 3 π ) is compatible at the level of one sigma with the determinations of refs. [61, 62, 63] .
However, IR CHPT at O(q 3 ) gives rise to a caveat concerning the GT relation. The point is that the full calculation at this order (IR CHPT contains higher orders due to the 1/m relativistic resummation) produces a huge GT relation violation of about a 20%, similarly as in ref. [27] . For the evaluation of the GT relation discrepancy in our present calculations we study the π − p → π − p scattering. We select this particular process in the charge basis of states because the crossed uchannel process, π + p → π + p, is purely I = 3/2 and thus there is no u-channel nucleon pole, which requires the same quantum numbers as for the nucleon, in the isospin limit. Otherwise the sand u-channel nucleon poles overlap for some values of the scattering angle. When projecting the u-channel nucleon pole in a partial wave it produces a cut for m 2 −2M
2 π , with the branch points very close to the nucleon pole at s = m 2 . As a result, there is not soft way to calculate the residue at the s-channel nucleon pole unless the u-channel nucleon pole is removed, as done by considering the π − p → π − p scattering. The latter is finally projected in the partial wave P 11 , with the same quantum numbers as the nucleon. The ratio of the residues at the nucleon pole of the full O(q 3 ) IR CHPT partial wave and the direct (s-channel) Born term calculated with g A , M π and m at their physical values, gives us directly the ratio between the squares of the full pion-nucleon coupling and the one from the GT relation.
#5 Numerically we find that the full calculation gives rise to a violation of the GT relation of around 20-25%, while its strict O(M 3 π ) restriction is much smaller, eq. (3.10). Related to this one has a significant renormalization scale dependence on the GT violation.
#6 In this way, for the fit KA85-1 (second column of Table 1 ) at λ = 1 GeV one has a 22% of violation of the GT relation while for λ = 0.5 GeV a 15% stems. On the other hand, ref. [4] performed a relativistic calculation of ∆ GT directly in dimensional regularization within the MS − 1 renormalization scheme and obtained a natural (much smaller) and renormalization scale independent loop contribution to ∆ GT . It seems then that the problem that we find for the calculation of ∆ GT with IR, obtained earlier in ref. [27] , is related to the peculiar way the chiral counting is restored in the IR approach [64, 65] . We tentatively conclude that a neat advance in the field would occur once a relativistic regularization method were available that conserved the chiral counting in the evaluation of loops while, at least, avoided any residual renormalization scale dependence.
Unitarized amplitudes and higher energies
In order to resum the right-hand cut or unitarity cut we consider the unitarization method of refs. [31, 32] , to which we refer for further details. Notice that this method does not only provide a unitary πN amplitude but also takes care of the analyticity properties associated with the righthand cut. In ref. [31] this approach was used for unitarizing the O(q 3 ) HBCHPT πN partial waves from ref. [16] . However, no explicit Lorentz-invariant one-loop calculation for πN scattering has been unitarized in the literature yet. This is an interesting point since by taking explicitly into account the presence of the unitarity cut the rest of the amplitude is expected to have a softer chiral expansion. According to ref. [32] we express T IJℓ as
1)
#5 Note that there is no crossed Born term for π − p → π − p and that the LO Born term in term of physical parameters satisfies exactly the GT relation.
#6 Eq. (3.10) is renormalization scale independent because the beta function for d 18 is zero [16] . where the unitarity pion-nucleon loop function is given by 
so that 4) and T IJℓ = T
(1)
IJℓ is then replaced in eq. (4.1). Since the resulting partial wave is now unitary, we calculate the phase shifts directly from the relation T IJℓ = 8π √ s |p| e iδ IJ ℓ sin δ IJℓ that follows from eqs. (2.15) and (2.16) .
The subtraction constant a 1 is determined by requiring that g(s) vanishes at the nucleon mass s = m 2 . In this way the P 11 partial-wave has the nucleon pole at its right position, otherwise it would disappear. This is due to the fact that for this partial wave T 1 , eq. (4.1), would be finite at s = m 2 . Due to the closeness of the ∆(1232) resonance to the πN threshold it is expedient to implement a method to take into account its presence in order to provide a higher energy description of πN phase-shifts beyond the purely perturbative results discussed in section 3. As commented in the introduction we can add a CDD pole [36] in the P 33 channel so as to reach the region of the ∆(1232) resonance. The addition of the CDD pole conserves the discontinuities of the partial wave amplitude across the cuts. A CDD pole corresponds to a zero of the partial wave-amplitude along the real axis and hence to a pole in the inverse of the amplitude. We then modify eq. 
where γ and s P are the residue and pole position of the CDD pole, in order, so that two new free parameters enter. The amplitude T IJℓ is determined as in eq. (4.4). We also distinguish here between the fits to the KA85 [45] and WI08 [46] phase-shifts. The fits are done up to √ s = √ s max = 1.25 GeV for all the partial waves. One cannot afford to go to higher energies because of an intrinsic limitation of IR CHPT. Additional unphysical cuts and poles are generated by the infinite order resummation of the sub-leading 1/m kinetic energy terms accomplished in IR [64, 65, 14] . In our case the limiting circumstance is the appearance of a pole when the Mandelstam variable u = 0. #7 When projecting in the different partial waves this singularity gives rise to a strong branch point at s = 2(m 2 + M 2 π ) ≃ 1.34 2 GeV 2 , which indicates the onset of a non-physical right-hand cut that extends to infinity and that produces strong violation of unitarity. This translates into strong rises of the phase-shifts calculated employing eq. (4.5) for energies √ s 1.26 GeV. This is why we have taken √ s max = 1.25 GeV because for higher energies these effects are clearly visible in the calculated phase-shifts. The χ 2 to be minimized is the same as already used for the pure perturbative study, eq. (3.5), employing also the same definition for #7 Many of the tensor integrals involved in the one-loop calculations of πN scattering develop such a pole. In particular, it arises in the simplest scalar two-point loop function I(u), following the notation of ref. [8] .
err(δ). The resulting fits are shown in fig. 5 , where the solid lines correspond to the fit of the KA85 data and the dashed ones to WI08. One can see a rather good agreement with data in the whole energy range from threshold up to 1.25 GeV, including the reproduction of the raise in the P 33 phase shifts associated with the ∆(1232) resonance. The improvement is manifest in the P 11 partial wave although some discrepancy with the WI08 data in the lower energy region remains, being better the agreement with KA85 phase-shifts. Compared with the perturbative treatment of section 3 one observes a drastic increase in the range of energies for which a globally acceptable description of the data is achieved. The values of the resulting LECs are collected in Table 5 . We consider that the pure perturbative study of section 3 is the proper way to determine the chiral LECs. The new values in Table 5 do not constitute an alternative determination to those offered in Tables 1 and 3 and should be employed within UCHPT studies. Nonetheless, it is remarkable that the values for the LECs obtained are compatible with the average of values given in the fourth column of Table 3 , in particular, for the O(q 2 ) LECs the central values are also rather close to the fitted values in Table 5 . Since we have a procedure to generate the ∆(1232) resonance through the CDD pole in eq. (4.5), such agreement is surprising since the contribution of this resonance to the LECs is very important [50] . The point is that the typical value of γ/(s − s P ) in the low-energy region studied in section 3 is only around a factor 2 larger in modulus than the subtraction constant a 1 /(4π) 2 in eq. (4.2), being the latter a quantity of first chiral order. As a result, at low energies, the CDD pole gives a contribution that can be computed as O(q 3 ), since the lowest order ones comes from −(T The values of the resulting threshold parameters with the present unitarized amplitudes are collected in the last two columns of Table 5 . We observe that all of them are compatible with the averaged values given in the last column of Table 4 . The P 33 scattering volume turns out a bit too high in the lines of the values obtained with the perturbative fits following strategy 1, despite the reproduction of the ∆(1232) resonance. Finally, we also mention that similarly huge values for the GT violation are also obtained from the unitarized amplitudes as in the pure perturbative treatment. Indeed, the same value for ∆ GT , eq. (3.9), is obtained in the unitarized case for the same values of the LECs because g(m 2 ) = 0 (there is no CDD pole in the P 11 partial wave.)
Summary and conclusions
We studied elastic pion-nucleon scattering employing covariant CHPT up-to-and-including O(q 3 ) in Infrared Regularization [8] . We followed two strategies for fitting the phase shifts provided the partial wave analysis of refs. [45, 46] . In one of them, instead of fitting the P 33 phase-shifts, we considered the reproduction of the function |p| 3 / tan δ P 33 around the threshold region (for √ s ≤ 1.09 GeV.) The rational behind this is to reduce the impact of the ∆(1232) when performing fits to data, avoiding the rapid rise of phase-shifts with energy that tends to increase the value of the resulting scattering volume. An accurate reproduction of pion-nucleon phase-shifts up to around 1.14 GeV results. The main difference between both strategies has to do with the values of the O(q 2 ) LECs c 2 and c 3 , that are smaller in absolute value for strategy 2 fits. As expected, the P 33 scattering volume is also smaller for these fits and compatible with previous determinations. We have discussed separately the fits to data of the Karlsruhe [45] and GWU [46] groups. We obtain a much better reproduction of the P 11 phase shifts for the former partial wave analysis. IR CHPT at O(q 3 ) is not able to reproduce the P 11 phase shifts of the current solution of the GWU group even at very low energies. This suggests that a revision of this solution would be in order.
The averaged values for the LECs and threshold parameters resulting from the two strategies and all data sets are given in the last columns of Tables 4 and 3 in good agreement with other previous determinations. The reproduction of experimental phase-shifts is similar in quality to that obtained previously with O(q 3 ) HBCHPT [16] , showing also a smooth onset of the departure from experimental data for higher energies. This is an improvement compared with previous work [27] . In addition, we obtain a small violation of the Goldberger-Treiman relation at strict O(M 3 π ), compatible with present determinations. However, the deviation from the Goldberger-Treiman relation is still a caveat because when all the terms in the full IR CHPT calculation at O(q 3 ) are kept the resulting discrepancy is much higher, around 20-30%.
We have also employed the non-perturbative methods of Unitary CHPT [32, 31] 
